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Let g : R2 — R? be

1
mo(x,t) = (x cosf,t — sz sin 29) )
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Let 7y : R?2 — R? be

1
mo(x,t) = (X cosf, t — sz sin 29) .

Let A C R? have dimg A = t (Hausdorff dimension w.r.t Euclidean
metric).
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Let 7y : R?2 — R? be

1
mo(x,t) = (X cosf, t — sz sin 29) .
Let A C R? have dimg A = t (Hausdorff dimension w.r.t Euclidean

metric).

o Given A C R?, what is dimg (mg(A)), for “most” 6 € [0, 7)?
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Let 7y : R?2 — R? be
1,
mo(x,t) = xcos@,t—Zx sin20 | .

Let A C R? have dimg A = t (Hausdorff dimension w.r.t Euclidean
metric).

o Given A C R?, what is dimg (mg(A)), for “most” 6 € [0, 7)?
e What about dimp (my(A)) if dimp A = t with parabolic metric

dP((X7 t)7 (Xla t/)) = |X - X/| + |t - tl‘l/2?
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Let 7y : R?2 — R? be
1,
mo(x,t) = xcos@,t—Zx sin20 | .

Let A C R? have dimg A = t (Hausdorff dimension w.r.t Euclidean
metric).

e Given A C R?, what is dimg (mg(A)), for “most” 0 € [0, 7)?
e What about dimp (my(A)) if dimp A = t with parabolic metric
dP((X7 t)7 (Xla t/)) = |X - X/| + ‘t - tl‘l/2?

o If |t — t'| < |x — x| < |t — t'|Y/? then dp(mg(x, t), mp(x', ') is
erratic.
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Let 7y : R?2 — R? be

1
mo(x,t) = (x cosf, t — sz sin 29) .

Let A C R? have dimg A = t (Hausdorff dimension w.r.t Euclidean
metric).

e Given A C R?, what is dimg (mg(A)), for “most” 0 € [0, 7)?
e What about dimp (my(A)) if dimp A = t with parabolic metric
dP((X7 t)7 (Xla t/)) = |X - X/| + ‘t - tl‘l/2?
o If |t — t'| < |x — x| < |t — t'|Y/? then dp(mg(x, t), mp(x', ') is
erratic.

e Expect that dimp (m9(A)) > dimp A a.e. 6.
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@ Problem is special case of conjecture of Balogh, Durand-Cartagena,
Fassler, Mattila, Tyson about vertical projections PVé_ ‘H — R?,

where H = R3. Special case is where Py is restricted to {0} x R2.
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@ Problem is special case of conjecture of Balogh, Durand-Cartagena,
Fassler, Mattila, Tyson about vertical projections PVé_ ' H — R?,

where H = R3. Special case is where Py is restricted to {0} x R2.

e Conjecture is (for Heisenberg metric) dim Pvg (A) > min{dim A, 3},
a.e. 0. In special case, dim = dimp and Pvg_ = .
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@ Problem is special case of conjecture of Balogh, Durand-Cartagena,
Fassler, Mattila, Tyson about vertical projections PV&L -H — R?,

where H = R3. Special case is where Pvé_ is restricted to {0} x R2,

e Conjecture is (for Heisenberg metric) dim Pvg (A) > min{dim A, 3},
a.e. 0. In special case, dim = dimp and Pvé_ = mp. (Cannot expect
equality. Will discuss state of the art at end of the talk).
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@ Problem is special case of conjecture of Balogh, Durand-Cartagena,
Fassler, Mattila, Tyson about vertical projections PV&L -H — R?,

where H = R3. Special case is where PVé_ is restricted to {0} x R2,

e Conjecture is (for Heisenberg metric) dim Pvg (A) > min{dim A, 3},
a.e. 0. In special case, dim = dimp and Pvg_ = my. (Cannot expect
equality. Will discuss state of the art at end of the talk).

@ B-DC-F-M-T considered special case where A C {0} x R?, and
showed

dimp (m9(A)) > = (1 +dimA), 1<dmA<2, ae. 0,

N~

which improves over “classical” bound dim mg(A) > min{1,dim A}.
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Theorem

(H. 24) (Conjecture is true for subsets of vertical planes) If A C R? is
Borel, then dimp (mp(A)) > dimp A for a.e. 6.

Terry Harris (UW-Madison) Vertical sets in the first Heisenberg group July 18, 2024

4/7



Theorem

(H. 24) (Conjecture is true for subsets of vertical planes) If A C R? is
Borel, then dimp (mg(A)) > dimp A for a.e. 6.

To understand idea of the proof, recall some ideas from (the Fourier
analytic version of) Kaufman's proof of (Euclidean) Marstrand projection
theorem in the plane, where py : R? — R is (x, y) + (xcos@ + ysin0).
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Theorem

(H. 24) (Conjecture is true for subsets of vertical planes) If A C R? is
Borel, then dimp (mg(A)) > dimp A for a.e. 6.

To understand idea of the proof, recall some ideas from (the Fourier
analytic version of) Kaufman's proof of (Euclidean) Marstrand projection
theorem in the plane, where py : R? — R is (x, y) + (xcos@ + ysin0).
o dimA > s iff 3 on A with /(u) = [(fs * p)(x) du(x) < co, where
fs(x) = x|,
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Theorem

(H. 24) (Conjecture is true for subsets of vertical planes) If A C R? is
Borel, then dimp (mg(A)) > dimp A for a.e. 6.

To understand idea of the proof, recall some ideas from (the Fourier
analytic version of) Kaufman's proof of (Euclidean) Marstrand projection
theorem in the plane, where py : R2 — Ris (x,y) + (xcosf + ysin6).
o dimA > s iff 3 on A with /(u) = [(fs * p)(x) du(x) < co, where
fs(x) = Ix|™*.
o If f,(x) = |x|~ on R then f; = cf,_s.
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Theorem

(H. 24) (Conjecture is true for subsets of vertical planes) If A C R? is
Borel, then dimp (mg(A)) > dimp A for a.e. 6.

To understand idea of the proof, recall some ideas from (the Fourier
analytic version of) Kaufman's proof of (Euclidean) Marstrand projection
theorem in the plane, where py : R2 — Ris (x,y) + (xcosf + ysin6).

o dimA > s iff 3 on A with /(u) = [(fs * p)(x) du(x) < co, where
fs(x) = x|,

o If f,(x) = |x|~ on R then f; = cf,_s.

o If Is(u) < oo, by Plancherel and above,

| e do =
0

c/ / r* L7 (reosf, rsin0))? drdf = cly(p) < oc.
o Jr
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Theorem

(H. 24) (Conjecture is true for subsets of vertical planes) If A C R? is
Borel, then dimp (mg(A)) > dimp A for a.e. 6.

To understand idea of the proof, recall some ideas from (the Fourier
analytic version of) Kaufman's proof of (Euclidean) Marstrand projection
theorem in the plane, where py : R2 — Ris (x,y) + (xcosf + ysin6).

o dimA > s iff 3 on A with /(u) = [(fs * p)(x) du(x) < co, where
fs(x) = x|,

o If f,(x) = |x|~ on R then f; = cf,_s.

o If Is(u) < oo, by Plancherel and above,

| e do =
0
c/ / r* L7 (reosf, rsin0))? drdf = cly(p) < oc.
o Jr

o Implies dim pg(A) > dim A, a.e. 6 € [0, 7).
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To adapt this to parabolic metric:

Terry Harris (UW-Madison) Vertical sets in the first Heisenberg group



To adapt this to parabolic metric:
@ Replace parabolic metric |x — x'| 4 |t — t/|*/? with equivalent

1068 = (L 0] = (x* + )%
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To adapt this to parabolic metric:
@ Replace parabolic metric |x — x'| 4 |t — t/|*/? with equivalent

1/4
16, 8) = 5 G0l = (IxI* + %) 7
e Define f;(x) = ||x||7°. Then for 1 <s < 3,
fi S fos.
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To adapt this to parabolic metric:
@ Replace parabolic metric |x — x'| 4 |t — t/|*/? with equivalent

1/4
16, 8) = 5 G0l = (IxI* + %) 7
e Define f;(x) = ||x||7°. Then for 1 <s < 3,
fi S fos.

@ This step relies on Basset's integral formula

22T (v+3) (>
_ ( Z) (V+ 2) / e—lu(z2 + u2)—l/—% du.

K.(2) NG _
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To adapt this to parabolic metric:
@ Replace parabolic metric |x — x'| 4 |t — t/|*/? with equivalent

1/4
16, 8) = 5 G0l = (IxI* + %) 7
e Define f;(x) = ||x||7°. Then for 1 <s < 3,
£ < hs

@ This step relies on Basset's integral formula

K,(z) = QZ)V;\%*”/_OO (22 4 2yt du.

e Apply Plancherel to [ f(fs s mo4 ) (x) dmpp(x), reduces to

o 17

(r(x —x')cosO + p <t —t' - %(x2 — x?)sin 29))
dpdrdo du(x, ) du(x',t') < DG p(R?) oy e(p)
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@ c,(p) is upper density of u. Unlike Kaufman, cannot use /,(u) for
this approach.
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@ c,(p) is upper density of u. Unlike Kaufman, cannot use /,(u) for
this approach.

@ The estimate is proved via induction on the scale 2/.
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@ In general case, best know a.e. lower bound for dim Pvé_ (A) is due to
Fassler-Orponen, and is

dim A dimA <2
dim(Png(A))z 2 2 <dimA<5/2
2dimA—3 5/2<dimA<3.
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@ In general case, best know a.e. lower bound for dim Pvé_ (A) is due to
Fassler-Orponen, and is

dimA dmA<?2
dim<PV0L(A))2 2 2 < dimA<5/2
2dimA—3 5/2<dimA< 3.

@ Their argument for dim A > 5/2 uses energies (dim A < 3) or L2
norms (dim A = 3). An example of B-DC-F-M-T (the parabola
example) shows that for 1 < dim A < 2, % + % is the best possible
via the standard energy method.
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