
 

Some straiture of Kakeya sets in R

Joint with Josh Zahl



A Kakeya set in IR is a subset that contains a unit

line segment in every direction

11

Besilovitch showed I 1919 for any 0

there exists a Kakega set with Lebesgue measure CE



Kakeya Conjecture 19171

Any Kakeya set K Rd has

ff mᵈ
or Minkowski dim

Harmonic analysis
Applications to PDE numbertheory dynamics Geometric

measure the

Kakeya set Fetterman'scounterexample to Ballmultiplier Conjecture

Kakeya Conj Stein's restriction conjecture
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History iiiii iiiiiiii
4 2 Davies 1971

473 open

Focus on 4 3

Wolff 11995 Hima k

Katz taba Tao 12000 20 dim K Ite

Katz Zahl 12017 E 0 dim k I E

W Zahl 2024 Assouad dimension dim K 3

dim k dimmk dimak
For self similar sets dim k dimmk dimak



S thickening 8 o

T a set of 8 8 1 tubes with one ineach 8 separated direction

means.tt

8 discretized Kalayaset K U T
TET

dimHK Eso 1k Ze 8

dimmk 3 so I e so Ipe 8 sep INpk p

dimak 3 so I 0 8 p c 8 pass

Np Kl Ie Np Kl



Why Wolff's estimate is hard to improve

Wolff Axiom forT1 IT 8 2 any 8 8 1 box contains tubes of IT

Wolff'sestimate holdsforany setof 8tubes satisfyingWolff
Axiom

not necessarily in R
Kakeya set satisfies WolffAxiom

Key Obstacle Heisenberg group

H Z izz Z 3 Im 12 Im 12225

s te R EG the line ls.tn laztt Z 52 2 ZEC c H

T Ns ls.to
site

satisfies Wolff Axiom

EC

But dimpH 5 I dim



To overcome this obstacle

use IT contains a 8 tube in every divertion Katz taba Tao Dvir

Difficult to induct does not preserve under thickening
or zooming in

b use tubes are in R not in C Katz Zahl W Zahl

key ingredient for b

Bourgain's discretized sum produit
theorem confirming a conj of

Katz Tao
ocsct.IE 0 forany A 1.2 satisfying

IAABr s
t Als re 8 i Als min of

8 balls requires
we have to cover A

Max At Als A Als Al

i e.IR does not contain a subring of Hausdorff dim S E 10 1

Miller Edgar



Set up

IT satisfies convex Wolff Axiom if any convex et 4

TIU TET TEU

TTU 101 T T 8 2

Conj Foranyset T of distinct
S tubes in R satisfying

Convex Wolff Axiom

I 5174
se

Remarks This conjuture if true is an if and only if

condition Moregeneral than Kakega conjecture

In R4 not true because of xy Zw 1

polynomial convex Wolff Axiom



IT satisfies convex Wolff Axiom if any convex let U

TIU TET TEU

TTU 101 T T 8 2

The 1W Zahl 2024

Eso E so sulk that the followingholds for 8 70 sufficiently small

For any set T ofdistinct 8 tubes satisfying Convex Wolff Axiom

8 P c Pas 8 K I
Np Kl INPKI



Digest the notation

Set up

IT satisfies convex Wolff Axiom if any convex let U

TIU TET TEU

TTU 101 T T 8 2

ConvexWolff Axiom preserves under thickening

Zooming in

so



Dithotomy find a worst I

Either IT satisfies Convex Wolff Axiom at every

scales PE 15.1 Tp Ip IP tubes covering F

Tp satisfies Convex Wolff Axiom

In this case apply an earlier result W Zahl

on sticky Kakeya sets to show
dim K 3 K UT

TET
This is where Bourgain's discretized sumproduit is used

Orponen Shmerkin W

or K has Assonad dimension 3



To prove the dichotomy

Let IT be a set of 8 tubes satisfying ConvexWolff Axiom with K

having smallest Assouad dimension among these minimizers choose

one with IT 8 α α largest

IT P d.IT CTp PE 18.1

Tp Tp 10.133 If Gp F Tp fails ConvexWolff Axiom

Then there exist many axbxl boxes W a c b such that

FEW is large

A W contains many Ta Nak nwt 1W
1

b

0



W contains many Ta Nak nwt 1W
1

b

0

If w intersect transversally take f a p as

Otherwise w intersect tangentially replace

w with a larger a 5 1 box

Iterate until 5 and estimate Nak Uw̅ directly



Some thoughts on the set up

Restricted projection problem introduced by Fassler Orponen
Given a smooth curve Vct Gin m m dim subspace in IR

Pt R Vitt orthogonal projection

EER Borelset What is f dima P E

Ext Ti It I 1 0 t o V2 t 0 1 0 t

Vitt Span tilt Yahl Gla 2

Pt 1R4 1122

K X Y H Valt

E dim E 2 Pt E is a line t E to i

Need to add the right assumption Kakeya problem in R



E la b i d set of parameters for tubes

Pt E at it bedt

a slice of union of tubes
at height t

Ex X 11 t

V2 It 0 1 t E
sup dim PEE min dim E 2
ETO'D

Gan Guo W

proof uses harmoni analysis

Bourgain Demeter Guth decoupling

proof without Fourier analysis



General Problem

Vit Gin m Pt R Vit orthogonal projection

E EIR Borel set

1 For what Vitt do we have f.yo.fm PeE mingdim E.m

2 When I is false What reasonable assumptions to add on E s t

we have a good estimate sup dim PEE
tE Oil



Thank you


